We present a conjecture concerning necessary and sufficient conditions for the existence of a common quadratic Lyapunov function (CQLF) for a switched linear system obtained by switching between two positive linear time-invariant (LTI) systems. We conjecture that these conditions are also necessary and sufficient for the exponential stability of such switched linear systems; namely, the existence of a CQLF is a nonconservative stability condition in this case. A number of new results supporting this conjecture are described.
Introduction
The problem of determining necessary and sufficient conditions for the existence of a common quadratic Lyapunov function (CQLF) for a set of stable linear time-invariant (LTI) systems C A , : i ( t ) = A , z ( t ) , Ai E Rnxn, 1 5 i 5 k plays an important role in the study of switched linear systems of the form: (1) Formally, if there is a symmetric positive definite matrix P that sirkltaneously satisfies the Lyapunov in-
I ( t ) = A ( t ) x ( t ) , A(t)
then V ( x ) = x T P x is a CQLF for the system (I) and the associated LTI systems CA,. The existence of a CQLF is sufficient to guarantee global uniform exponential stability of (1) for arbitrary switching sequences. It is well known that requiring the existence of a CQLF for a switched linear system is, in general, a conservative stability condition [l] . However, it has recently been established that entire system classes exist for which the existence of a CQLF is not necessarily a conservative stability condition 12, 31. observation, a problem of considerable interest and importance is to identify precisely those system classes for which the existence of a CQLF is a non-conservative stability condition. The work of this paper is primarily motivated by such considerations.
Notation and Preliminaries
For a matrix A in Rnxn, a;) denotes the element in the 'An LTI system is positive if, for any initial conditions where the state variables are all non-negative, the state variables remain non-negative for all time Lemma 3.1 Let C A , , tems, with A1 -A? CQLF V ( z ) = z T P x , with P diagonal.
T h e o r e m 3.1 Let C A , , CA> be stable positive LTI systems. If both AIA;' and A;'A1 are M-matrices, then C A , and C A , have a CQLF, V ( z ) = x T P x , and moreover, P may be taken to be a diagonal matrix.
Note that within the class of matrices with non-positive off-diagonal elements, a non-singular matrix having no eigenvalues on the negative real axis is equivalent t o it being an M-matrix (151). It is evident that neither AI -A2 k 0 nor A2 -A1 k 0 is true, so Lemma 3.1 does not apply. However, it is a simple matter to check that both AIA;' and AZ1A1 are M-matrices. Thus by Theorem 3.1 we can conclude that A1 and AZ have a CQLF z T P x with P diagonal. 
Conclusions
In this paper, we have proposed a conjecture concerning CQLF existence for a pair of stable positive LTI systems. It was also conjectured that for switched linear systems obtained by switching between stable positive LTI systems, the existence of a CQLF is a nonconservative stability criterion. A number of new results in this direction were presented. The authors have also gathered considerable empirical evidence supporting the conjecture.
